This paper considers the problem in aggregate data meta-analysis of studies reporting multiple competing binary outcomes and of studies using different summary formats for those outcomes. For example, some may report numbers of patients with at least one of each outcome while others may report the total number of such outcomes. We develop a shared parameter model on hazard ratio scale accounting for different data summaries and competing risks. We adapt theoretical arguments from the literature to demonstrate that the models are equivalent if events are rare. We use constructed data examples and a simulation study to find an event rate threshold of approximately 0.2 above which competing risks and different data summaries may bias results if no adjustments are made. Below this threshold, simpler models may be sufficient. We recommend analysts to consider the absolute event rates and only use a simple model ignoring data types and competing risks if all of underlying events are rare (below our threshold of approximately 0.2). If one or more of the absolute event rates approaches or exceeds our informal threshold, it may be necessary to account for data types and competing risks through a shared parameter model in order to avoid biased estimates.
| INTRODUCTION
Aggregate data meta-analysis synthesizes the results on outcomes that have been reported by studies such as randomized controlled trials (RCTs). In meta-analysis of binary outcomes, a common complication is that RCTs report more than one outcome and that these outcomes are correlated or indeed competing; for instance, an RCT may censor patients who experience a stroke, and thus, a later myocardial infarction will not be reported. 1, 2 A further complication is that some studies may report different aggregate summary format of the outcomes of interest; for example, some may report numbers of patients with at least one of each outcome, while others report the total number of each outcome, counting patients more than once. These issues of competing risks and differently reported data are also present in network meta-analysis (NMA) that aims to compare multiple interventions via connected networks of evidence. 3 It is known from the statistical literature that competing risks have limited impact if events are rare, and scenarios have been identified where it is not necessary to account for competing risks in meta-analysis. 4, 5 However, if events are not rare, then not accounting for these complications can affect treatment comparisons. 6 Differences in conclusions of meta-analyses and NMA are important as they are the recommended approach for treatment effect estimation and indirect comparison by health care authorities (eg, National Institute of Healthcare and Decision Making in the United Kingdom) and international medical decision-making societies (eg, International Society for Pharmacoeconomics and Outcomes Research and Society for Medical Decision Making). 7, 8 Despite the importance, meta-analysis and NMA on outcomes that are not rare commonly use simple analyses that may be biased. Examples can be found in depression, 9, 10 relapsing remitting multiple sclerosis, 11 and 5-year survival and mortality rates in a range of cancers. 12 Furthermore, health economic decision models may require treatment effects on multiple outcomes, requiring that the interdependence be explicitly modelled. 13 The bias in results from ignoring outcome interdependence can be magnified if used in such decision models. 14 Several approaches have been proposed to account for competing risks in meta-analysis and NMA, including modelling functional relationships between outcomes, 1 linear regression of outcomes of interest on surrogate outcomes, 15, 16 and normal approximations. 17 If individual patient data are available from the RCTs, within-study correlation between outcomes in a meta-analysis can be explicitly modelled, 18 but it is rare for such individual patient data to be available for all RCTs. Meta-analysis of the cumulative incidence function, the expected proportion of cause-specific events over time, has also been considered. 19 There has been less work developing methods to combine differently summarized data in (network) meta-analysis with event outcomes. Models with different treatment effects for each data summary but related by a common random effect have been proposed. 20 Due to its greater flexibility and explicit modelling of underlying relationships, we adopt the approach of shared parameter models. 3, 21, 22 These have been used to combine binomial data with estimated log odds ratios or mean survival. 23 Illustrating their flexibility, shared parameter models have also been used to combine continuous, categorical, and binary data. 24 In this paper, we develop a novel shared parameter competing risk model to simultaneously account for all these complications in a NMA. This extends earlier work on competing risks and modelling of functions of shared parameters. 1, 25 Our work is motivated by a NMA comparing anticoagulants for the prevention of stroke in atrial fibrillation. We investigate theoretical reasons why the adjustments are not necessary when events are rare and use constructed data to identify scenarios where results can be substantially biased if an unadjusted model is used. We also present results from a simple simulation study exploring the conditions under which adjusted and unadjusted analyses can give biased results.
| MOTIVATING EXAMPLE: DIRECTLY ACTING ORAL ANTICOAGULANTS FOR STROKE PREVENTION IN ATRIAL FIBRILLATION
The objective of our case study was to compare first-line treatments for the prevention of stroke, myocardial infarction (MI), bleed, and death in atrial fibrillation. Our case study is based on a systematic literature review and Bayesian NMA comparing treatments for the prevention of stroke in atrial fibrillation (AF), which has been described previously in the literature. 26, 27 AF is the most common cardiac arrhythmia and substantially increases the risk of thromboembolic stroke due to blood pooling in the left atrium and systemic embolization to the brain. 28 Treatments for prevention of stroke in AF include the anticoagulant warfarin as well as the more recently developed directly acting (or nonvitamin K antagonist) oral anticoagulants (DOACs). 29, 30 However, all anticoagulants carry the risk of internal bleeding. 31 Our NMA compared warfarin (international normalized ratio (INR) target range 2-3) with the DOACs apixaban (twice daily 5 mg), dabigatran (twice daily 150 mg), edoxaban (once daily 60 mg), and rivaroxaban (once daily 20 mg).
The four outcomes of interest were ischaemic stroke, MI, clinically relevant bleeding, and death. The systematic literature review identified 20 RCTs comparing DOACs to warfarin and reporting on these outcomes. 26, 27 However, an additional thirteen outcomes were reported by these studies: bleeding (distinct from clinically relevant bleeding), minor bleeding, fatal bleeding, transient ischaemic attack (TIA), fatal stroke, composite clinically relevant bleeding (again distinct from clinically relevant bleeding), hospital admission, death (cardiovascular specific), arterial event, pulmonary embolism, extracranial minor bleeding, systemic embolism (SE), and intracranial bleeding (ICH) (to which we added haemorrhagic stroke, under clinical advice).
A further complication was that the data from the RCTs were summarized in three different formats, which are described in Table 1 . Data format 1 summarizes only the first event for each individual, after which they were assumed censored; this data format involves competing risks as patients reporting one outcome are censored and cannot report further outcomes. Data format 2 summarizes only the total number of individuals experiencing at least one of each outcome. In this second form of summary, each individual may count towards more than one outcome, but only once for each outcome. Data format 3 gives the total number of events of each outcome across all patients. Data formats 2 and 3 do not involve competing risks. Five studies reported data format 1, 13 reported format 2, and two reported format 3. Although our interest is only on the four key outcomes of ischaemic stroke, MI, clinically relevant bleeding, and death, as these are competing risks, the additional 13 outcomes must also be modelled. Further details on the data are included in the Supporting Information.
| METHODS
We first denote the number of studies in our analysis N s and number of arms K i in trial i = 1,…,N s . Let r j ð Þ ikm be the number of events in study i, arm k = 1,…,K i (with data format j = 1,2,3), and outcome m (m = 1,…,M). In our application, the final event M represents mortality. The treatment t ik and number randomized n ik are independent of outcome m. The total patient years at risk or exposure time, which is also the same for every outcome, is denoted E ik , while mean patient follow-up time is T ik = E ik n ik . Not every study necessarily reports each outcome.
| Simple odds ratio model: separate NMA models for each outcome, ignoring data type
The simplest approach is to model each outcome separately (ignoring the competing risk nature of the outcomes), to treat all the studies as estimating the same probability of outcome (regardless of data format), and to ignore the follow-up time or exposure. In this case, a binomial likelihood is given independently for each outcome, with the number randomized, n ik , as the denominator.
The likelihood for each outcome m reported in arm k of study i is r j ð Þ ikm eBin p ikm , n ik ð Þ, for each data format type j = 1,2,3:
This is the number of events r j ð Þ ikm of outcome m which occurred in the n ik patients in arm k of trial i. We then use a fixed-effect NMA model assuming consistency of effects on the log odds scale, so that the relative treatment effects are log odds ratios 3
where the baseline log odds μ im of outcome m are treated as nuisance parameters and vague priors are placed on them μ im eN 0, 0:0001 ð Þ and vague priors are also placed on the log odds ratios d tm for all outcomes m and treatments t d tm eN 0, 0:0001 ð Þfor t 6 ¼ 1
Vague priors may introduce numerical issues with convergence; if this occurs, less diffuse priors can be explored.
Preliminary investigations found that a fixed rather than random treatment effect model was adequate for the AF application. The key implicit assumption of this model for our purposes is that r ikm is the number of patients who have at least one event of outcome m and that patients who have multiple such events are only counted once. The interpretation of d tm is therefore of a log odds ratio of the event regardless of whether it is the first or a subsequent event. We now describe alternative models that do not make this assumption.
| Shared parameter model on hazard ratios accounting for competing risks and different data summaries
The first modification is to put the model on the log hazard ratio rather than log odds ratio scale, in order to estimate a single model incorporating all the different data types. In our shared parameter models, λ ikm is the hazard of outcome m in arm k of study i. Although the interpretation of the number T A B L E 1 Different data formats and models included in the network meta-analysis
Data Format Index in Model Data Format
Competing risksRisks? ikm is different for each of the data type j, the interpretation of the λ ikm is always the same. The NMA model is put on the log hazard scale
Number of studiesStudies
where the baseline log hazards ω im are treated as nuisance parameters and priors are placed on them
with the precision 0.5 corresponding to a standard deviation of approximately 1.41. The log hazard ratios, h tm , for treatment t relative to treatment 1 for outcome m are given the same priors
More vague priors did not converge with our atrial fibrillation example but are explored in simulation below. We recommend exploring more diffuse priors in other applications of the model.
A different likelihood and link function is used for each of the three data formats j, but all contribute evidence to the λ ikm and thus to the treatment effects h tm .
| Studies reporting number of patients whose first event is of a given type: data type j = 1
In studies of this type, only the first event is recorded for each individual, and they are assumed censored from the time at which that first event occurs. The outcomes are therefore competing risks and must be modelled jointly. This type of data are labelled j = 1, and the r
the total number of patients having an event of any type in arm k of study i. Recalling that E ik is the observed person years at risk, our model for this data uses a Poisson and multinomial likelihood
The hazards λ ikm are then modelled on the log scale via Equation (1).
| Studies reporting number of patients experiencing at least one event for each type: data type j = 2
In this type of study, each patient may count towards more than one event type, but only once for each event type. There are therefore no competing risks to consider. This data are labelled j = 2, and r 2 ð Þ ikm are here the number of patients with at least one event of type m. As mortality can only occur once, the number of mortalities r 2 ð Þ ikM must be modelled differently to other events. Assuming an average follow-up time T ik for each patient, the likelihood for nonmortality events is
This is the same as in the simple model, but p ikm is now the probability that an individual has one or more events of type i over the mean follow-up T ik . The appropriate link function is therefore the complementary log-log
The likelihood for the number of mortalities is
The hazards λ ikm are again linked to the log hazard ratios via Equation (1).
| Studies reporting the total number of events of each type: data type j = 3
In this final type of study, data are labelled j = 3, and r 3 ð Þ ikm are the total number of events of type m, including repeat events with patients, for given person years at risk E ik . The likelihood is simply
with λ ikm modelled by Equation (1). This completes our specification of a shared parameter model accounting for the three types of study data and for competing risks when they are present.
| Equivalence of simple and shared parameter models if events are rare: asymptotic arguments
We have so far developed two models. Section 3.1 developed a simple odds ratio model that assumes all outcomes are independent and models the three data summary types in the same way. Section 3.2 developed a shared parameter hazard ratio model that uses different models for the three data types j = 1,2,3. In the present section, we give theoretical demonstrations that if events are rare, the models for these three data summaries are equivalent. As odds and hazard ratio models are equivalent if events are rare, the hazard ratio model for studies reporting number of patients with at least one of each event type described in Section 3.2.2 (data type j = 2) is equivalent to the simple odds ratio model of Section 3.1. 32 The demonstrations below therefore establish that the simple and shared parameter models give equivalent results if events are rare. Note that the equivalence of competing and noncompeting risk NMA is further established in the Supporting Information, but our argument below does not rely on this result.
| Equivalence of models for types 1 and 3 under rare events
Recall that data of type 1 were number of patients whose first event was of a given type. Total number of events
λ ikk while the number of first events of each type r
followed a multinomial distribution. Dropping the indices for arm k and study i the likelihood is proportional to
Data of type 3 are the total number of each event, so the likelihood is a product of M Poisson distributions with parameters Eλ m . Removing constants, this becomes
1 and L 3 are always different by a, parameter dependent and therefore nonconstant, factor of 1 P λ l R , but this will be minimized when R (the total number of events) is small, which is when events are rare.
| Equivalence of models for types 2 and 3 under rare events
In this case, we only need to consider nonmortality events as the numbers of mortalities for type 2 and 3 data are both modelled as Poisson likelihoods with parameter E ik λ ikM . As events are assumed independent under both models, we consider only one event m. Recall the type 2 likelihood
Following the law of rare events, 33 this binomial distribution can be approximated by a Poisson if n ik is large and p ikm is small (ie, rare events)
Noting the relation between mean follow-up and exposure time T ik = E ik n ik , Equation (2) gives a further expression for the event probability
If the rate λ ikm is low, the exponential can be approximated using lim x!0 e x = 1−x, and substituting for p ikm in the Poisson likelihood of Equation (3) gives
This is exactly the likelihood for data of type 3. This completes our demonstration that the models for the three data types are equivalent and therefore that the shared parameter hazard ratio model is equivalent to the simple odds ratio model, if events are rare.
| The impact on results if events are more common: constructed data
We explored the conditions under which the simple and shared parameter models will give different results. This was done by constructing AF datasets with increased rates of events. We increased the number of events of each outcome, while keeping the number of patients constant, in each RCT by factors of 1 (base case), 2, 5, 10, and 20. We capped the number of events of each type at the number of patients.
These five constructed datasets were then analyzed using both the simple odds ratio model and the shared parameter hazard ratio model.
| Simulation study
As the AF example was a single replicate, we conducted a simulation study to compare the NMA results of the simple odds ratio and shared parameter models on a variety of simulated sets of trial results. Best practice guidelines for simulation studies were followed. 34 We simulated datasets from the parametric shared parameter model to (1) explore the performance of estimating a shared parameter model and (2) identify conditions where the simple odds ratio approach performed adequately.
All our scenarios assume that there are three treatments being studied on two outcomes over 10 RCTs. We do not specify if outcomes 1 or 2 are positive (eg, recovery) or negative (eg, stroke), but for simplicity, we specify neither are death to avoid issues of censoring. Simulated studies were all two-arm RCTs with 100 patients on each arm and a follow-up of 1 year. Simulated results of the RCTs were modelled to be in one of the three formats of the AF example. Full details of the data formats and included treatments are in Table 2 . Treatment 1 was modelled as the reference treatment. Log hazard ratios of treatment 2 relative to treatment 1 were −0.25 and 0.25 on outcomes 1 and 2, respectively (in Equation (1), these are denoted h 2m for m = 1,2). Log hazard ratios of treatment 3 relative to treatment 1 were 0.25 and −0.25 on outcomes 1 and 2, respectively (h 3m for m = 1,2). The log hazards on treatment 1 in each trial (denoted ω im for i = 1,…,10) were set such that the average event rate for each outcome (λ ikm for trial i, treatment k = 1,2,3, outcome m) was 0.05, 0.1, 0.2, 0.3, and 0.4. This set of five event rates for each outcome gives 25 scenarios in total. Numbers of events of each outcome on each arm were simulated randomly, and the results fed into the simple odds ratio and shared parameter models.
The targets of estimation by the models were the h km for treatments k = 2 and k = 3 on both outcomes, and the performance of each model was assessed over estimatesĥ km l ð Þ on each simulation l = 1,…,n sim . We prespecified that the bias ð Þ for all l and k) would be the performance measures. Number of simulations n sim was calculated to be 2500 so that the mean squared error of the coverage was less than 0.01 and for bias was 0.02. 34 To explore the impact of priors in the shared parameter model when events are rare, we repeated the simulation study for event rates 0.05 and 0.1, and again with n sim = 2500, but using baseline log hazard prior for outcome m of study i ω im eN 0, 0:05 ð Þ and log hazard ratio prior, for treatment t relative to treatment 1 h tm~N (0,0.05) for t 6 ¼ 1 These correspond to standard deviations of approximately 4.47. More vague priors were not found to reliably converge for the simulation study data.
| Model implementation
The NMA models presented were implemented in OpenBUGS version 3.2.3 rev 1012. 35 We used two chains with 60 000 iterations for burn-in and 30 000 iterations for posterior sampling in the AF base case and constructed data examples. The simulation study, due to greater computational resources required, used two chains but with 30 000 iterations for burn-in and 10 000 iterations for sampling. Convergence was assessed using Brooks-Gelman-Rubin (GBR) statistics and visual inspection of the history plots. 36 Data were cleaned and saved in the appropriate BUGS format in the R programming language version 3.1.2. 37 The inflation of event rates, summarizing of results, and generation of figures necessary for the constructed data examples were conducted in R, as was the simulation study. Code for the novel shared parameter model is presented in the Supporting Information while code for simulation study is available on request. 
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| RESULTS
| Comparison of model results
The results of the two models are presented in Table 3 . The "simple OR" results correspond to the simple model on odds ratios while the "shared parameter HR" results correspond to the hazard ratios estimated by the shared parameter model. These odds and hazard ratios are relative to the reference of warfarin (INR 2-3). Odds ratios or hazard ratios greater than 1 suggest worse outcomes (eg, higher odds or hazard of stroke) on the DOAC compared with warfarin. If the 95% credible intervals include 1, they suggests that we cannot rule out no difference in treatment effect. Comparing across DOACs, higher odds or hazard ratios again indicate worse outcomes while overlapping 95% credible intervals suggest uncertainty about which performs better. Comparison of treatments has been described and interpreted in detail in an earlier publication. 26 Broadly, apixaban performs well (lower odds and hazards) across all outcomes of stroke, MI, death, and bleed. Dabigatran has the lowest odds and hazards on stroke but elevated danger of MI and bleed. All DOACs have lower odds/hazards of death and perform similarly to each other.
The methodologically interesting finding is that the results of the simple and shared parameter models are very similar. The point estimates and the limits of the 95% credible intervals are either very similar or identical. The greatest divergence between the models is in MI for dabigatran, perhaps because this is the least rare event, but even in this case, the difference in results is small.
| Results of constructed data examples
Mean and 95% credible intervals for the odds and hazard ratios estimated by the two models under the increased event rate scenarios are summarized for apixaban and dabigatran in Tables 4 and 5, respectively. Results for rivaroxaban and edoxaban are presented in the Supporting Information. Under the base case, the event rates are sufficiently low that the two models agree in their point and uncertainty estimates. However, as the rates are gradually increased, the point estimates and credible intervals become more different. This divergence in results is illustrated in Figures 1 and 2 . It appears that as the event rate exceeds 0.2, the credible intervals no longer overlap and conclusions change substantially.
| Simulation study results
The bias results on outcomes 1 and 2 are presented in Tables 6 and 7 , respectively, while coverage results on outcomes 1 and 2 are presented in Tables 8 and 9 In general, the shared parameter model has higher bias and lower coverage on each outcome than the simple odds ratio model when events are rare, but this reverses as event rates of the outcome being studied increase. Limited data and influence of the prior distributions are a likely explanation for the superior performance of the simple model when events are rare. The approximate crossover point on both bias and coverage appears to be between 0.1 and 0.3. Increasing the rate of outcome 2 has less impact on the bias and coverage of outcome 1 (eg, rate of outcome 2 in the bias for outcome 1 presented in Table 6 ) than increasing the rate of outcome 1 itself, and vice versa. However, this impact of increasing the rate of the other outcome increases with the rate of the outcome being studied. Spot checks on BGR statistics and history plots for runs of the simulation suggested good convergence of both models for all event rates. Our simulation results comparing the simple and shared parameter models, when vaguer priors are used in the latter, are presented in Table 10 . These were explored for only the cases where data are weakest, namely, the cases where event rates were the rare 0.05 and 0.1. We see that this does not improve either the bias or coverage of the shared parameter models for rare events.
| DISCUSSION
In this paper, we have considered the common situation where studies report multiple, potentially competing outcomes and where studies summarize outcomes in different ways. We developed a novel shared parameter model for NMA that accounts for the competing risks and different summaries. We found that this complex model gave almost identical results to a simple model that makes no adjustment. We explored the theoretical reasons why rare events lead to the models giving the same results and used constructed data to identify situations in which the models would disagree, and adjustments would be necessary. We also conducted a simple simulation study to explore the impact of increasing event rates on the bias and coverage of the simple and shared parameter models, confirming that the latter performs better when events are more common and that the crossover point for rates is between 0.1 and 0.3. Although our example was in NMA, the conclusion is general to meta-analysis of multiple outcomes or where different data summaries are used. Shared parameter and competing risk NMAs have been previously published but not specifically for the data formats used in our example. 23, 38, 39 Woods et al presents a shared parameter model but analyses only a single outcome and combines studies that report mean or median survival with studies that report total numbers of events. 23 We instead analyze multiple outcomes accounting for competing risks and combine studies that summarize the numbers of events differently. Shared parameter models (such as ours) are specific examples of a more general multiparameter evidence synthesis (MPES) framework. 38, 39 Competing risk NMA has been studied in the literature, 1 but this earlier work assumes that all studies report data in the same way. Our work can be considered an extension of previous developments in shared parameter models and competing risks within the more general MPES framework. However, there are several issues to consider when drawing conclusions from our study.
Meta-analysis and NMA are the recommended approach for treatment effect estimation and indirect comparison by health care authorities and international medical decisionmaking societies. 7, 8 It is therefore important to ensure that unbiased methods are used. Meta-analysis and NMA results may also be used as inputs to cost-effectiveness models. 13 As treatment effects on multiple outcomes must be simultaneously estimated, it is important to account for competing risks; this is relevant to our atrial fibrillation example as the estimates were used in a cost-effectiveness model. 26, 27 Also, although clinical conclusions may not be sensitive to adjustment for competing risks or different data summaries, the cost-effectiveness results may be impacted. This has been the finding in work considering different synthesis models in type 1 diabetes where clinical conclusions were unaffected but cost-effectiveness conclusions changed. 14 Our finding from both the constructed data and simulation study was that event rates above 0.2 might warrant consideration of different data summaries and competing risks.
Below this level, however, our simulation study suggests that the simple odds ratio model may be preferred. A possible explanation for the superior performance on rare event data of the simple model is influence of the prior distributions, which have greater impact due to the larger number of parameters in the shared parameter model. However, our simulation study for vague priors in the shared parameter model indicates that bias and coverage are not improved when vaguer priors are used. In addition, convergence can become an issue when vague priors are assumed for the shared parameter model.
The sensitivity to competing risks has been identified in NMA examples, 4 and our approximate threshold 0.2 is in line with a previous informal assessment to the sensitivity of using odds and hazard ratios. 32 Although event rates in our atrial fibrillation example were below the 0.2 threshold, rates above this level are common in other fields, including response and remission in depression, 9 rates in relapsing remitting multiple sclerosis, 11 and 5-year survival and mortality rates in a range of cancers. 12 Despite this sensitivity, high profile NMAs continue not to adjust for competing risks or consider different data summaries when analyzing multiple outcomes. 10 There are important limitations to our analysis. We did not use theoretical analysis to estimate the event rate threshold below which competing risks and different data summaries can be ignored; our informal threshold came only from constructed data analyses and a simple simulation study. Estimating this threshold, or identifying conditions under which competing risks and data summaries cannot be ignored, by asymptotic arguments may be worthwhile future research. Although our simulation study, unlike the constructed data example, explored differential event rates, we did not formally assess correlation.
| CONCLUSIONS
In this paper, we have considered a NMA where the RCTs report results on competing risks in different formats. We developed a novel shared parameter model accounting for all these complications. Applying this model to a synthesis of interventions for atrial fibrillation however, results were almost identical to a model without the necessary adjustments. We used theoretical arguments to demonstrate that this is due to the rareness of events. We further used constructed data examples and a simulation study to find situations in which the adjustments may become necessary. We recommend analysts to consider the absolute event rates and only use a simple model ignoring data types and competing risks, if all of these underlying events are rare (below our threshold of approximately 0.2). If one or more of the absolute event rates approaches or exceeds our informal threshold, it is necessary to account for data types and competing risks through a shared parameter model in order to avoid biased estimates. A more complete simulation study could simulate different numbers of treatments or outcomes, multiarmed trials, sample sizes, and more varied event rates. This was outside the scope of the present study but could be a useful piece of future research.
